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We show that the effective coupling between the spin-1/2 edge states of a spin-1 chain of finite
length can be continuously tuned by frustration. For the J1−J2 model with nearest and next-nearest
neighbor antiferromagnetic interactions, we show that the effective coupling in a chain of length L
changes sign N ' 0.38L times in the window 0.28 . J2/J1 . 0.75 where the short-range correlations
are incommensurate. This implies that there are N zero modes where the singlet and the triplet are
strictly degenerate, i.e. N values of J2/J1 where the spin-1/2 edge states are completely decoupled.
We argue that this effect must be generic for all incommensurate phases with localized edge states,
and we briefly discuss a few experimental implications.
Topological matter is currently attracting a lot of
attention. One of the first examples is the spin-
1 Heisenberg chain, which has long been known to
have a finite bulk gap1 and spin-1/2 edge states2,3,
and which has recently been shown to be an example
of a symmetry-protected topological phase4. In one-
dimensional fermionic systems with pairing, also known
as the Kitaev chain5, Majorana fermions appear at the
edges of a chain in the topologically non-trivial phase.
The detection of the emergent Majorana fermions re-
lies on their impact on the local tunneling density of
states6,7 or on the presence of two quasi-degenerate low-
lying states in open systems. The presence of two quasi-
degenerate low-lying states can be most easily detected if
these two states cross as a function of an external param-
eter, such as the chemical potential in fermionic chains8
or an external magnetic field in spin chains. Such level
crossings have been recently detected in chains of Co
adatoms9, and their interpretation in terms of localized
Majorana fermions worked out in details10,11. At each
level crossing, there is an exact zero mode, i.e. an ex-
citation whose energy vanishes exactly. In the fermionic
model, the exact zero modes appear when the Majorana
edge states are rigorously decoupled. It is natural to ask
whether a similar effect can be induced in other topolog-
ical phases with edge states, in particular in the spin-1
chain. This would imply the presence of completely free
emergent spins 1/2 at the end of a finite chain, an inter-
esting possibility for qubits.
In the standard spin-1 Heisenberg chain with only
nearest-neighbor coupling, the spin-1/2 edge states are
coupled by an effective interaction that decays exponen-
tially with the length of the chain, and whose sign de-
pends on the parity of the number of sites. For even
chains, the coupling is antiferromagnetic, while for odd
chains, it is ferromagnetic. Accordingly, the ground
state is a singlet with a low-lying triplet excitation (the
Kennedy triplet2,3) if the number of sites is even, while it
is a triplet with a low-lying singlet if the number of sites
is odd. This behavior can be traced back to the anti-
ferromagnetic nature of the spin-spin correlations. Edge
spins can be expected to be ferromagnetically aligned if
the number of bonds that separate them is even, as in
odd chains, while they will be antiparallel if the number
of bonds is odd, as in even chains. According to this
picture, a simple way to monitor the coupling between
the edge spins would be to induce incommensurate cor-
relations. Then, for a given length, one can expect the
relative orientation of the edge spins to change from par-
allel to antiparallel as a function of the wave vector of
the fluctuations. To the best of our knowledge, in spite
of decades of work on edge states in spin chains12–19, this
simple possibility has not been explored.
To implement and test this idea, let us introduce next-
nearest neighbor interactions into the spin-1 Heisenberg
chain. The model is defined by the following Hamilto-
nian:
H = J1
N−1∑
i=1
Si · Si+1 + J2
N−1∑
i=2
Si−1 · Si+1, (1)
where both couplings are assumed to be antiferromag-
netic. Without loss of generality we set J1 = 1. This
model has been extensively studied with the density ma-
trix renormalization group (DMRG)20–23, and its prop-
erties are well understood24–26. For small J2, the system
is in the Haldane phase. At J2 ' 0.75, it undergoes
a phase transition into another gapless and translation-
ally invariant phase known as the next-nearest-neighbor
(NNN) Haldane phase in which valence-bond singlets are
formed on J2 bonds. This phase is topologically trivial,
with no edge states, and the transition is an example of
a first-order topological transition. On top of this phase
transition, and most interestingly for our present pur-
pose, there is also a disorder point in the Haldane phase
at J2 ' 0.28 beyond which the short-range correlations
become incommensurate and remain so up to the first-
order transition. So, in view of the discussion above,
we will calculate the two low-lying in-gap states of that
model as a function of J2, with emphasis on the param-
eter range 0.28 . J2/J1 . 0.75.
In order to be able to study large enough systems, we
have performed DMRG calculations on finite-size spin-1
chains. The determination of the two low-lying states is
very easy if the singlet is the ground state since the first
excitation, which is a triplet, is the ground state of the
Sztot = 1 sector. When the ground state is the triplet,
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2the first excitation, which is the singlet, is the first ex-
cited state of the Sztot = 0 sector. It can be accessed by a
modification of the ground state algorithm to target ex-
cited states23,27–32, or, as we showed recently, by keeping
track of the spectrum of the effective Hamiltonian dur-
ing sweeps of the ground state algorithm33. This is the
method that we have used throughout, performing up to
10 DMRG sweeps and keeping up to D = 1000 states.
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Figure 1. (Color online) Multiple crossings between singlet
and triplet low-lying energy levels for L=20 as a function of
the next-nearest-neighbor coupling constant J2. (b) and (c)
are enlarged parts of (a).
The results for 20 and 30 sites are shown in Fig.1 and
Fig.2 respectively. Since what we are interested in is
the relative position of the low-lying singlet energy ES
and triplet energy ET relative to each other, we have
used their average as the reference energy and plotted
εS,T = ES,T − 1/2(ES + ET ). As expected, there are
several level crossings in the interval where the correla-
tions are incommensurate. The amplitude of the gap is
extremely small close to the disorder point and increases
significantly far away from it. So, in order to show all
crossings, we had to repeat the plots with different scales.
Remarkably, the number of crossings increases with the
system size: There are 6 level crossings for 20 sites and
10 for 30 sites.
As a first step toward the interpretation of these re-
sults, we have calculated the correlation between the first
and the last spins 〈S1 · SL〉 as a function of J2. Inter-
estingly enough, within the error bars, these correlations
change sign at the same values of J2 at which the level
crossings occur (see Fig.4). Now, if we keep track of
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Figure 2. (Color online) Same as Fig.1, but for N = 30
the wave-vector of the short-range correlations as a func-
tion of J2, we should be able to predict the sign of the
correlation between the first and last spin. To extract
the wave-vector of the short-range correlations, we have
used DMRG to calculate the ground-state spin-spin cor-
relations defined by:
CL/2(x) = 〈SL/2 · SL/2+x〉. (2)
It can be well fitted with the Ornstein-Zernike form34:
COZ(x) ∝ cos(q · x)e
−x/ξ
√
x
. (3)
The result for the wave-vector q as a function of J2 is
presented in Fig.3. In agreement with previous results
for the disorder point, the wave-vector starts decreasing
from pi at J2 ' 0.28 to reach the value qmin ' 0.62pi at
the first-order transition boundary J2 ' 0.75. For further
use, the discrete set of data points has been fitted by two
continuous functions obtained by 8-th degree polynomial
fits of the numerical data for 0.28 < J2 ≤ 0.5 and 0.5 ≤
J2 ≤ 0.75.
Neglecting for a moment edge effects, i.e. assuming
that the correlations are rigorously described by a single
wave-vector q, the correlation between the first and last
spin is proportional to cos q(L− 1), implying that it will
vanish for q = pi/2(L−1)+kpi/(L−1), k integer. The cor-
responding values of J2 are compared in Fig.4 with those
at which the level crossings between the singlet and the
triplet occur for 20 and 30 sites. The agreement is good,
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Figure 3. (Color online) Wave-vector q as a function of the
next-nearest-neighbor interaction J2. The disorder point is
located around J2 ' 0.28, beyond which the Haldane phase
is incommensurate.
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Figure 4. (Color online) Location of the exact zero modes in
an open chains with a) L = 20 and b) L = 30. Red circles
stand for level crossings between the low-lying singlet and
triplet energy levels, blue dots with error bars for the jumps
in the spin-spin correlation between the first and last sites,
and green diamond for the solutions of cos(q(L− 1)) = 0.
suggesting that this is the right physical picture. It is
not perfect however. The critical values of J2 do not co-
incide exactly (although the agreement is already much
better for 30 sites than for 20 sites), and the criterion
cos q(L− 1) = 0 gives rise to one more critical value. We
can think of two explanations for theses small discrep-
ancies. First, the edge spins are not located precisely at
the edge spins, but are delocalized over the correlation
length. The correlation length is small in the vicinity
of the disorder point, but it increases fast close to the
first order transition at J2 ≈ 0.75. So it might be better
to consider an effective distance between the edge spins
that decreases slightly with incresing J2. Qualitatively,
this goes in the right direction, but the effect is difficult
to quantify.
The second source of discrepancy between the two
curves comes from the fact that the wave number q is
not uniform along the chain, but decreases close to the
edges, resulting again in a shift of the critical values of
J2 where the correlation between the edge spins change
sign. This can be deduced from Fig.5 that shows the
spin-spin correlation for a) C1 = 〈S1 · S1+x〉 and b)
CL/2 = 〈SL/2 ·SL/2+x〉. In both cases we have fitted the
spin-spin correlation for 10 ≤ x ≤ 60 with the Ornstein-
Zernike form of Eq.3. One can notice that for small val-
ues of x in Fig.5(b) the period of the oscillations remains
the same, although there is small difference in the ampli-
tude. By contrast, in Fig.5(a) the period of the oscilla-
tions increases for small x, implying that the wave vector
decreases close to the edges.
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Figure 5. (Color online) Spin-spin correlations starting from
an edge (a) and from the middle (b) of a chain of L=150 sites
deep in the incommensurate phase (J2 = 0.7). The red line
is the result of fitting the points from 10 to 30 from the refer-
ence sites with Ornstein-Zernike formula. The discrepancy in
periodicity that appears close to the edge (a), but not close
to the middle (b), shows that the wave vector decreases close
to the edge.
Still, in view of the semiquantitative agreement be-
tween the two results, we use the criterion cos q(L−1) = 0
to estimate the number of crossings. Since 0.62pi . q ≤
pi, the parametrization q = pi/2(L−1)+kpi/(L−1), k in-
teger, leads to the condition 0.62(L−1) ≤ k+0.5 ≤ L−1,
implying that the number of crossings is approximately
given by the integer part of 0.38(L−1). In particular, this
simple theory predicts that the number of level crossings
grows linearly with the number of sites. This prediction
agrees with the phase diagram obtained numerically for
various system sizes in the range 20 ≤ L ≤ 30 and pre-
sented in Fig.6. As expected, in the commensurate region
of the Haldane phase (J2 < 0.28), the ground state of an
open chain is a singlet if the number of sites L is even and
a triplet if the number of sites is odd. Upon increasing the
next-nearest-neighbor interaction, the system undergoes
multiple crossings in such a way that the ground state is
always in the singlet sector in the vicinity of the phase
transition between the Haldane and the NNN-Haldane
phases. This constraint implies that sometimes a system
with L sites has one crossing less than that of size L− 1,
but the number of crossings is in any case equal to the
integer part of 0.38(L− 1)± 1.
Let us now discuss the implications of these results be-
yond the model of Eq.1. Since the main mechanism is the
presence of incommensurate short-range correlations, we
expect the effect to be present in the entire incommen-
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Figure 6. (Color online) Phase diagram of an open chain as
a function of J2 and system size in the range of 20 ≤ L ≤ 30.
Blue (red) areas stand for singlet (triplet) ground states with
a triplet (singlet) low-lying state. The lower limit J2 = 0.27
lies in the commensurate Haldane phase, where the ground
state simply alternates between singlet and triplet for even
and odd chains. The upper limit J2 = 0.75 lies in the NNN-
Haldane phase, where the ground state is always a singlet.
surate phase that has been found in two generalizations
of the model of Eq. 1, the J1 − J2 − Jbiq model that
contains an additional biquadratic interaction35,36, and
the J1−J2−J3 model that contains an additional three-
site interaction37,38. More generally, we expect the effect
to be present whenever incommensurate correlations de-
velop in a one-dimensional topological phase with edge
states. In fact, the level crossings that have been re-
cently discussed in the transverse field Ising model with
an additional longitudinal coupling, or equivalently in the
Kitaev chain when the pairing amplitude is smaller than
the hopping term, have been explained in terms of os-
cillations of the Majorana edge state wave functions11,
in a parameter range where incommensurate spin-spin
correlations are indeed present39. Let us note to be com-
plete that these zero modes do not appear to be strong
zero modes in the terminology of Paul Fendley40. The
spectrum does not seem to consist of quasi-degenerate
pairs of state, unlike that of e.g. the XYZ chain, but
only of one pair of low-energy quasi-degenerate singlet
and triplet states.
This new instance of exact zero modes might have in-
teresting experimental implications. Indeed, if a system
lies in the incommensurate Haldane phase with e.g. a
large enough J2, it should be possible to go from decou-
pled to ferromagnetically or antiferromagnetically cou-
pled spin-1/2 edge states by a tiny modification of the
geometry of the system since only a very small change
of the J2/J1 ratio around one of the critical values will
be required. In bulk compounds, such modifications can
be achieved by applying pressure. Inspired by the cur-
rent activity on the magnetism of adatoms41, we can also
think of more direct implementations. A zig-zag chain
of spin-1 adatoms would be a natural realization of the
J1 − J2 model. A simple way to demonstrate the effect
described in the present paper would be to show that
the even-odd rule is violated in the presence of frustra-
tion, for instance that a system with an even number of
sites has a triplet ground state. The triplet character
of the ground state is easily accessible since edge states
lead, in the triplet state, to a very specific local mag-
netization pattern12,13,15,17 that can be probed by STM
experiments42. One can also imagine to modify the local
geometry by bending the substrate. This could be a way
to control the coupling of spin-1/2 edge states of finite
segments seen as qubits. Finally, edge states are also ac-
cessible in ring-shaped molecular magnets43. Developing
further these ideas goes beyond the scope of the present
paper however and is left for future investigation.
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